Anomalous transpor is investigated for the Standard Map. A chain of exact self similar islands in the vicinity of the period 5 accelerator island is found for a particular value of the map parameter. The transport is found to be superdiffusive with an anomalous exponent related to the characteristic temporal and spatial scaling parameters of the island chain. The value of the transport exponent is compared to the theory. The escape time distribution and Poincare recurrence distribution are found t o have power-like tails and the corresponding exponents are obtained and compared t o the theory. 
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I. INTRODUCTION
The standard map' is one of the most frequently occurring models in many different applications. Written in the form it has become a paradigm for the study of properties of chaotic dynamics in Hamiltonian systems. In spite of its apparent simplicity, unexpected difficulties in attempts to write down a kinetic model for Eq. 1.1, brought researchers back to the problems of characterizing chaos p e r s e and describing chaotic trajectories. More specificially, in studying the occurrence of chaos one has to deal with local properties of the trajectory dynamics (local instability, Lyapunov exponents, bifurcations, etc.). At the same time the typical object of research is to find large scale properties of the trajectories and characterize the kinetics and the evolution of moments in large time asymptotics.
The first surprise was the numerical discovery' and the corresponding theory2* that the diffusion constant 2, is a quasi-oscillating function of the parameter K in Eq. 1.1 for K > 1. The corrections are of order one and remain significant up to values of K -40.
The oscillations are due to long time correlations which persist well above chaotic threshold, but the motion is diffusive, and can be described by a diffusion constant V , with oscillatory dependence on K given by the theory.
A more fundamental difference between "perfectly chaotic" systems, like Sinai's billard, and more realistic systems, like the standard map, is the existence of islands, making phase space a complicated mixture of small nonchaotic domains and stochastic regions. The presence of the islands implies much stronger deviations in long time asymptotics than can be described by simply a change in the diffusion constant. The existence of anomalous transport of a nondiffusional character for values of K taken in the vicinity of a set {K,} which includes K N 1 and accelerator mode values has been previously conjectured7-11. A new understanding of the anomalous transport for the standard map was proposed where the connection to the so-called Levy flights process was established12J3. It was previously shown that the islands have a strong effect if the parameter K is taken near some critical values such as K -1 (transition to global c h i~o s~~~J~) , the large peaks near K, = 27rn (accelerator modes15), and some other fractional accelerator modes7j9>10. In this article, the connection will be "visualized" in an explicit and quantitative way.
The anomalous transport for the model given by Eq. 1.1 can be expressed in general as superdiffusion described by the second moment of p , (pZ} = c * t p , (t +-00) where 1 < p < 2 in contrast to normal transport (diffusion) with p = 1. In fact the expression in Eq 1.2 is the global result of some deeper properties of anomalous transport, characterized by specific L6vy-type processes16 which occur in numerous physical applications (see for example a previous review17 where such processes were named "strange kinetics").
The origin of anomalous transport has been connected t o the local topological properties of the phase space domain near islands (the boundary layer)" and a self-similar structure of the domainlg. A quantitative theory has been proposed using a fractional generalization of the diffusion (Fokker-Planck-Kolmogorov) equation20*21. 
SELF-SIMILAR HIERARCHY OF ISLANDS IN THE BOUNDARY LAYER
The existence of a fine structure of the island patterns in phase space and its properties are fundamental in the study of anomalous transport. Indeed the existence of such islands and their boundaries alters the pattern of diffusion dynamics. Because of the Poincare Birkhoff theorem4, in the neighborhood of a generic periodic orbit there are satellite elliptic orbits of smaller sizes, each of which in turn has satellite elliptic orbits, and so forth. These elliptic orbits are ordered forming a chain of islands around islands. For particular values of K the island chain can assume a self similar character. In order to make explicit this self-similarity of islands we found values of the perturbation parameter K for which there is a self-similar hierarchy of subislands in the boundary layer. In Fig. 1 The Poincark plots were obtained by initiating a point near an X-point and advancing many steps. The island boundary is much darker than the surrounding domain because of the long time necessary for the orbit to escape from it. In fact for the higher generation islands the orbit takes a very long time to escape. This stickiness occurs at any generation of the BIC. The number of generations can be increased further by adjusting the value of K, through the addition of more digits.
In this paper, we wish to analyse more closely the effect this BIC self-similarity has on a chaotic orbit. In other words we want to determine the stickiness of the island. Because we concentrate only on the behavior near the island, our approach is mainly a local one.
There are typically two quantities for characterizing a BIC. One is related to the area of islands and the other is related to a characteristic time scale of the islands which can be for instance the winding frequency of an orbit about the island 0-point.
NUMERICAL CONSTRUCTION OF STICKY DOMAINS
In order to investigate the spatio-temporal properties related to self-similarity we need to determine accurately the phase space domains embedding the accelerator modes and susceptible to contain the BIC's. Long time trapping is only caused by such domains, and for numerical reasons the domain of initial conditions used should correspond to them. To make rapid numerical calculations of trapping time or exit time for a given set, we divide that part of phase space of interest into N x N domains with a rectangular grid with boundaries x1,z1+Ax and p l , p l + A p . The grid provides an immediate coarse graining of phase space
x,p into ij with
To construct domains for the study of long time trapping, we have developed a suitable numerical p r~c e d u r e~~J~. This procedure consists of initiating a point in the stochastic sea, applying the map a large number of times, allocating the value 1 to all non visited cells and the value 0 to the visited ones, thus constructing a matrix n(i,j) = 0 in the stochastic sea, and n ( i , j ) = 1 otherwise. This matrix simply defines the coarse grain evaluation of the extent of the stochastic sea and the islands which are distinguishable with the coarse graining used. It depends only on the value of the perturbation parameter K and the mesh location and size. Clearly the number of visits to the domain covered by the mesh must be much larger than N x N , otherwise there will remain elements n ( i , j ) equal to 1 which should be 0. We then sort the matrix n(z,j) according to each distinct island domain, with n(i,j) = k within island k, zero otherwise, and measure the area of each island. There results a list of all islands, sorted according to area. We select afterwards an island for study, and construct a boundary set B of this island, consisting of all i , j in the stochastic sea, but within some distance do of the island. Define a matrix b ( i , j ) = 1 within B and zero otherwise. The set B quantifies the concept of being close to the island in question.
Rapid examination of trapping times, escape times, and recurrence times is now possible with the matrix b(i,j). Advance a point initiated in the stochastic sea according to the map. We measure orbit averaged trapping times and recurrence times by following a long orbit initiated outside the domain B in the stochastic sea. Escape time, calculated by initiating many orbits inside the domain B and measuring first exit, biases the result according to the density assumed inside B, and cannot a priori be expected to be equal to the orbit averaged value. We have used uniform initial density to define escape times.
We also used a second method for constructing sticky domains. It consists simply in initiating a point near an island boundary, typically near an X-point, and letting it evolve under the mapping sufficiently long to generate the set B, but not long enough for it to escape far into the stochastic sea. If necessary, B can be then enlarged by adding to it all mesh points within some range Ai, Aj.
The long time tail in the distribution of escape times and recurrence times is independent of the domain B provided only that B contains the island boundary domain. It is numerically
convenient that this set be as small as is consistent with this requirement, to optimize computing efficiency, and to be certain that many data points in the sticky domain near the island boundaries are present to obtain good statistics for the long time tails.
IV. SPATIO-TEMPORAL SELF-SIMILARITY OF THE ACCELERATOR MODE

ISLANDS
The self-similar property of the BIC's areas can be expressed in the form where k is the order of generation of the BIC, and AS, is the area of all islands in the k-th generation of the BIC. Numerically we compute these areas by counting the cells belonging to an island after having 'squared" the domain using the method described above. Then, the elementary area of one cell is ApAx/N2.
To display the temporal self-similarity, we use the winding number which is a characteristic frequency of the islands. Let us denote it as wk and compute it in the interior of the island. It is indeed the rotation frequency of a stable orbit w = l / A t with At the time interval (steps) required to completely circle the island 0-point. It is computed as a function of the distance from the center of the island so that it provides the profile25 w ( x ) . We determine the center of the island by analyzing the Poincark sections. For the simulation corresponding to the BIC displayed in Fig 1, we typically let the orbit make 50 rotations and used lo3 initial conditions for computing the internal rotation frequency. The initial condi-tions are uniformly distributed on a segment linking the center of the island to its external boundary. This assures us good precision in our computation. Figure 2 shows the rotation frequency profiles for the four generations of the BIC shown in Fig. 1 . The determination of w becomes very noisy near the island edge as the separatrix is approached. We use the value at the 0-point, W k ( 0 ) to characterize the time scale of island k. The self-similar property of the winding numbers of the islands can be written as
The scaling parameters AS and AT are respectively the characteristic parameters of the spatial and temporal self-similarity of the chain of islands under consideration.
To illustrate the existence of the scaling related to the spatio-temporal self-similarities given by Eqs. 4.1,4.2, let us consider the set of subislands which belong to the main island of the accelerator mode of period 5 displayed in Fig.1 . Variables related to these islands will be labeled "0" while for the next generations of islands we use ((1,2, ....)', as shown in Fig. 1 . 
(4.4)
There is another kind of self-similarity of the system, which is related to the moments of the probability distribution function. Indeed there are two ways to consider the particle transport in the standard map: on the cylinder (x mod 27r) or in the infinite phase space in x and p. Let us mention that in numerous publications on transport in the standard map, the moments concern only transport in the p direction. However, this map being asymmetric it is of interest to consider both directions x and p in transport computations.
Indeed in some physical problems one needs to know the phase evolution, which can be derived only in the latter case. Actually both representations were considered in this study.
Before discussing the results of the simulations, let us emphasize the differences between these representations. For that we shall consider the transport near the accelerator mode in a BIC exactly self-similar with a number of islands equal to the main resonance chain.
On the cylinder, for the normal diffusion case ( p 2 ) -t as does (x2 + p 2 ) . The angular brackets denote averaging over a large number of initial conditions. For the accelerator mode both ( p 2 ) and (x2 + p 2 ) scale as t 2 . We can expect that in a general case of self-similar transport for any BIC, the value of the exponent of the anomalous diffusion p should be bounded by the exponents relative to these two cases, that is 1 < p < 2.
In infinite phase space, these moments do not scale in the same manner. This relation is indeed confirmed, within the errors of slope determination, by the computations of the moments, plotted in Fig. 3 , which provides the values p p = 1.42 f 0.15, pz = 3.66 f 0.1.
(4.8)
The analytic expression given by Eq. 1.4 gives p = 1.54 f .02 which is in good agreement with the value of p p obtained from Fig. 3 .
Similar results, giving good agreement between the predicted value of the anomalous diffusion exponent Eq. 1.4 and its directly computed value have been obtained also for the web map22. However, due to the symmetry of the web map, p has to be compared to p, while for the standard map it is compared to p p . Another value of K, in the standard map corresponding to an 8t h-order resonance set was considered23 giving also good agreement between Eqs. 1.4 and 4.8.
We have also considered higher moments of the probability distribution function. For large time asymptotics of these moments (R2") with R2 = x 2 + p 2 , it is shown from the simulations that 
V. RENORMALIZATION FOR THE EXIT TIME DISTRIBUTION
Characteristic times have already been used by several authors to describe chaotic motion in relation to local structures in phase space7~26-29~11~12, In this section we use a new method developed for the web map and standard map22*23. In order to further investigate the sticking properties of the orbits near the border of the self-similar chains of islands we carried out detailed computer calculations of the distribution $(t) of times it takes an orbit with initial coordinates placed close to a BIC to reach the chaotic sea.
To define $(t) let us consider a small domain AR in the phase space of a system and let $(t; An) be the corresponding probability density to escape from AQ in a time interval dt. is the probability for particles to leave the domain AR during the time interval t. The survival probability is
where we used Eq. 5.1 and the condition of normalization P,(t + 00; An) = 1
It is important to note that the functions $, Q and P, are locally defined for a small domain AQ and can depend on the shape and location of this domain. If, for example, AR is taken in a domain AQS of a singular zone around an island, then the probability P, to exit from the domain should be similarly dependent on t and should satisfy the self-similarity condition.
In order to formulate this property, we examine different self-similar domains A&, in the BIC of the corresponding generation order k=0,1, ..... This means that they obey the law of self-similarity of the areas of Eq. 4.1. Fig. 7 shows the exit time distribution functions for the generations 0,1,2 of the BIC. These distributions are computed with the use of the numerical method described in section 111. Orbits with initial conditions which belong to the internal part of a resonance island of higher generation simply never escape, and thus do not contribute to the escape time statistics. They do however contribute to computing effort, and this is the reason for the careful choice of the initial domain B.
In the logarithmic scale there is a shift between the distributions of two successive selfsimilar generations. This shift is observable in Fig 7, which shows the escape time distributions at short times so that the third generation can also be displayed. The value of this shift is of the order of AT = 10.54 (shift of 1 in log plot) which is the typical value of the temporal scaling parameter. It is apparent from Fig. 8 that the distribution of exit times follows a power-law with an exponent of the order of -3.5, the slope of the line shown for comparison.
(The normalizations of the distributions differ between Fig. 7 and Fig. 8 , since the data sets are not equal.) Note that in short time computations the slope is about -1.6 but it changes drastically at large times. This result shows that the effect of long time memory which induces anomalous transport is indeed obtained only in large time computations, and is essentially due to the visits of the orbit to higher order generation islands of the BIC.
Previous short time computations12J3 have found a smaller slope of about -1.6 and we find the same, but this value changes significantly at large times as can be seen in Fig. 8 .
Let us now investigate the distribution of the PoincarC cycles and compare it to the escape time distribution. Consider a small domain AI' in the phase space of the system and take an initial condition (x,-,,po) belonging to this domain. PoincarC recurrence is the phenomenon of the trajectory passing through the domain A r infinitely many times. For the numerical computation of the probability distribution function of the Poincark cycles Pr(t)? we started with 4 x lo4 initial conditions in a square box in the stochastic sea and found the return time distribution using lo7 iterations of the map. Fig. 9 shows Pr(t) which has a Poisson distribution for short times but has a long time tail. This tail follows a power law with an exponent of the order of -3.5 which is compatible with the power law tail of the escape time distribution described above. Let us emphasize that at large times, the long time memory effects are mainly due to the visits of the orbits to the island generations of higher order and thus affect similarly all the characteristic times of the system.
VI. CONCLUSIONS
The fine structure of the phase space of Hamiltonian systems is the primary origin of anomalous transport. Long-range correlation effects occur from visits of orbits to boundary layers in the vicinity of islands. This phenomenon is generally refered to as the stickiness of the islands. We have shown that for small changes of the stochasticity parameter strong topological changes can occur in the phase portrait of the system. As a concrete example we considered in this paper kinetic properties of the standard map near the threshold of the accelerator mode of period 5 and found a value of K producing an exact self-similar chain of islands associated with this accelerator mode. Spatio-temporal properties of this island chain have been numerically determined. We have shown that the kinetics is anomalous near the accelerator mode and corresponds to a superdiffusion process with a characteristic exponent related to the spatio-temporal scaling parameters of the island chain. We also found that the asymptotic behavior of the probability distribution of escape times from boundary domains of the self-similar chain of islands follows a power law, and that these escape times are renormalized according to the generation of the island considered. Moreover it was shown that the exponent of the power law which rules the escape time distribution is related to the transport exponent p of Eq. 1.2.
Finally, the results of this paper emphasize the link between the self-similarity of the phase space and hence its topological properties and the kinetic properties of the orbits which tend to be anomalous because of long lasting memory effects introduced by this self-similarity. It is clear that these phenomena are encountered only for specific values of the stochasticity parameter for which there exist self-similar island chains, Close to these parameter values there exist values for which the self-similar chain has collapsed and normal diffusion pertains. Undoubtedly the set of parameter values giving rise to particular types of island chains is fractal, making the transport a very complex function of the map parameter.
Let us conclude by remarking that we have investigated local transport properties of the system. These long time memory effects do not affect the global transport properties except at very large times. 
